Abstract: A novel forced oscillation technique is discussed for the phase noise reduction of electrical and optoelectronic oscillators. This paper features self-injection locking using single and dual long fiber-optic delay loops and provides analysis for the phase noise of oscillators employing this technique under various operating conditions. Experimental results are also provided to verify the analytical modeling and to identify techniques to further enhance spectral purity of oscillators.
Introduction
Frequency stability of local oscillators is paramount in a number of coherent detection systems. Phase noise of oscillators can be reduced by forced oscillation processes, such as injection locking to an external low noise source [1] , [2] . The lowest phase noise achievable is determined by the noise of the external source in the case of conventional injection locking. However, in many cases we are reaching limits of stability of stable sources to lock free-running oscillators; and ultra-high stability and low noise sources are not readily available at microwave frequencies and beyond for future instrumentation systems. Self-injection locking (SIL) has been developed and demonstrated to be an effective method for phase noise reduction [3] , [4] . SIL can be implemented by feeding part of the past oscillator output signal back to itself after passing through a delay line or resonator. It has also been shown that long delay or high quality factor (Q) is crucial for substantial phase noise reduction. Although it is possible to have phase noise reduction using an electrical delay, the improvement is poor because the delay length is limited due to high loss in the electrical delay lines or a limited Q of resonators at microwave frequencies [5] . To overcome the loss limitations of electrical delay lines, low loss fiber optic delay lines are proposed for the realization of SIL [5] , [6] . However, the side-modes associated with the long optical delay lines become undesirable since they appear as spurious oscillations at offset frequencies very close to carrier frequency and are hard to be removed using standard electrical filtering. Hence, a multi-loop configuration is proposed in opto-electronic oscillators (OEO) as a side-mode suppression scheme. There are two different topologies reported in multi-loop OEO: i) oscillation is not established in individual loops since the loop gain is kept to be smaller than unity in each loop, while the combined loop gain of all the loops is equal to or greater than one for joint oscillation [7] , [8] ; ii) the other approach develops oscillation in each individual loops and the side-mode suppression is achieved using a coupled oscillation scheme [9] . However, in our novel approach the multi-loop implementation is different from other reported SIL, as in our SIL approach using multi-loops we require oscillation in one loop using positive feedback and just coupling in other loops using negative feedback.
Even though dynamic modeling of injection locked oscillators (ILO) is studied by many authors [10] - [15] , only conventional injection locking topologies are considered and the focus is on numerical computation of locking range and power spectrum. In this paper, a system level analysis is presented for the phase noise of ILO within locking range, and topologies of both external IL and SIL with delays of at least s are addressed in this paper. Experiments are performed to demonstrate the concept of SIL using fiber optic delay lines. This paper provides for the first time a comprehensive analytical modeling and experimental verification results of self-injection locking of an electrical oscillator in terms of close-in to carrier phase noise and performance of spurious oscillations using two optical delay loops. Moreover, this paper provides for the first time analytical modeling and experiment results for self-injection locked OEO using one and two optical delay lines in terms of close-in to carrier phase noise and spurious oscillation power levels. Discussions are also provided in terms of physical limitations of SIL technique.
Phase Noise Modeling of Oscillators With Conventional IL and SIL

Analysis of Conventional IL
In this section, a system level modeling is used as a unified model for phase noise modeling of oscillators with injection scheme. Since the phase dynamics of injection locking process is equivalent to that of first order type I phase-locked loop (PLL) [16] , it is intuitive for us to derive the phase noise expression of ILO using PLL model. This approach is preferred as there is opportunity to extend modeling to PLL and implement a unified modeling of injection locked phase locked loop (ILPLL) oscillators [17] - [19] . As part of the modeling, let y i and y o be the injecting signal and the output signal of the oscillator in the free running case, respectively:
Defining ' i ðtÞ ¼ !t þ i ðtÞ, ' o ðtÞ ¼ !t þ o ðtÞ, and using (1) and (2) with the famous Adler's equation [10] , then phase dynamics of IL can be written as
where ¼ p ðPi/PoÞ is the injection strength, and ! 3 dB ¼ ! r =2Q is half the 3 dB bandwidth of the oscillator resonator. When the frequency difference between the injecting signal and the free running oscillator is small, the phase difference between them is also small. Thus we can linearize (3) to have
where B ¼ ! 3 dB . Equation (4) 
The transfer function of phase of IL can be found as
The block diagram representing (6) is depicted in Fig. 1(a) . We can see that IL resembles a negative feedback control loop that contains an integrator. The integrator is usually a voltage controlled oscillator (VCO), which is suitable for integration of PLL function. The loop behavior in the presence of noise sources is systematically presented in Fig. 1(b) , where the major noise contributors in IL are n 1 ðsÞ at the injection point that contains injecting signal noise and residual noise of the system, and n 2 ðsÞ, which is the oscillator phase noise.
Assuming the noises are a small perturbation to the steady oscillation, thus linearity still holds in the IL system. Then we can find the oscillator output due to noise using superposition principle. We first use standard loop analysis to find out the output o1 due to input noise n 1 only as o1 ¼ ÀðB=sÞ o1 þ ðB=sÞn 1 :
After rearranging (7) in terms of o1 , results in
Similarly, the output o2 due to oscillator phase noise n 2 only is expressed as
Hence, the output o due to contributions of both noises is
The power spectral density of the output phase o of offset angular frequency ! m becomes
where S n1 ð! m Þ and S n2 ð! m Þ are the power spectral densities of n 1 and n 2 , respectively.
Analysis of SIL
Derivation of Oscillator Phase Noise With SIL
The conceptual block diagram of SIL using control theory representation is shown in Fig. 2 . A portion of the oscillator output signal is delayed by a long delay ðT d Þ and is fed back to the oscillator with coupling factor of . The phase of the delayed signal is then compared against that of current signal to generate an error signal for self-injection to the oscillator similar to the one shown in Fig. 1(b) .
The phase noise of the SIL can be found by using the same procedure as presented in Section 2.1 for external IL. The only difference is that n 1 in this case does not contain the injecting signal noise but only the residual noise of the system. We can first find the output o1 due to n 1 as o1 ¼ ÀðB=sÞ o1 þ expðÀST d ÞðB=sÞ o1 þ ðB=sÞn 1 Fig. 1 . Conceptual block diagram representation of IL using control theory representation; (a) without noise sources present; (b) with noise sources of n 1 ðsÞ and n 2 ðsÞ added in the loop. and hence after regrouping
Output o2 due to oscillator phase noise n 2 is:
and hence after regrouping
Overall, output o is found as
Then the power spectral density of o in (14) becomes 
while S n2 ð! m Þ is expressed using Leeson's equation [20] 
where k ¼ 1:38 Â 10 À23 J/K is the Boltzmann constant; T ¼ 290 K is the room temperature in Kelvin; B ¼ 1 Hz is the noise bandwidth being considered; F is the system noise figure; P s is the carrier power level; f o is the oscillation frequency; f c ¼ 1 MHz is the flicker noise corner frequency; Q L is the loaded Q of the oscillator resonator. For oscillator phase noise S n2 ð! m Þ, a roll-off rate of 30 dB/dec is expected when f m G f c and 20 dB/dec for f m 9 f c . A higher Q L provides lower SSB phase noise in the region where f m 9 f c . Advantage of opto-electronic oscillators is that Q L could be enhanced by increasing the fiber delay length. 
Simulated Phase Noise of Electrical Oscillator With and Without SIL
Single side-band phase noise simulation are provided below for an electrical oscillator with SIL using (15) . In Fig. 3(a) , the black dotted curve shows the SSB phase noise of a free running electrical oscillator (cf. Section 3.1), whose practical values of loaded quality factor, Q L ¼ 500 and noise figure, NF ¼ 32 dB are considered, even though dielectric resonator oscillators (DRO) with Q L ¼ 2000 and NF ¼ 18 dB have already been developed, achieving an SSB phase noise of À111 dBc/Hz at 10 kHz offset [20] . The phase noise drops at a rate of 30 dB/dec at offset frequencies till flicker corner frequency of about 500 kHz. Other curves in various colors show the phase noise of SIL with various optical delays of 1 km to 8 km. From the simulation results, a 1 km delay in SIL improves the phase noise by 22 dB at 1 kHz offset and the slope rolls off at a rate of 30 dB/dec till corner frequency of 100 kHz. A number of spurious oscillations are also manifested as sidemodes of every 200 kHz. When the delay increases to 8 km the improvement is about 39 dB with a slope of 30 dB/dec till corner frequency of 10 kHz and side-modes of every 25 kHz. We can see that long delay is crucial for phase noise reduction. Fig. 3(b) shows the simulation results for 8 km optical delay with various injection strengths. The green, blue and red curves show the phase noise of SIL with ¼ 0:00316, 0.01 and 0.0316 (i.e., injection ratio of À50 dB, À40 dB, and À30 dB), respectively. The best phase noise is achieved when the injection strength is the strongest at a level of À30 dB.
Simulated Phase Noise of OEO With and Without SIL
An electrical oscillator is replaced by an opto-electronic (OEO) oscillator with fiber delay line of 1 km for achieving high loaded quality factor. By using (15) , phase noise of OEO with SIL is also simulated. 
Analysis of Dual Loop SIL (DSIL)
From the previous simulations, longer delay is required for better phase noise reduction in SIL configuration. However, the side-modes originated from the spurious oscillation in long delay lines appear as prominent noise sources at offset frequencies very close to the carrier. These side-mode levels are very high because the frequency selectivity of practical RF filtering is not high enough to remove these side-modes. A feasible way to suppress these spurious signals is by implementing two different non-harmonically related delays in the feedback path. Because the two delays have different mode spacing, only those modes that are common to both delays will survive. Other modes are hence being suppressed. This alternative filtering is similar to transversal optical filters reported by others [22] - [24] .
Derivation of Oscillator Phase Noise Using Dual Loop SIL
The control theory representation of a dual loop SIL (DSIL) configuration is shown in Fig. 5 . In this case, the feedback is split into two separate paths, one passes through a long delay and another passes through a short delay. Phases of two different delayed signals are compared with the current signal separately and error signals are injected to oscillator. When the loop lengths are not harmonically related, then the resultant output becomes the sum of individual loop actions as periodic resonances are suppressed in strength.
The system level modeling is employed to derive the phase noise of DSIL. Assumption is made that the two injection loops do not interact with each other, so that the output is a superposition of the actions of individual loops. The residual noise of the system is also going to be the Fig. 5 . Conceptual block diagram of DSIL using control theory representation. n di for i ¼ 1, 2 are noise sources associated with each delay line being fed back to injection port of the oscillator and n2 is output noise power. superposition of the noises in each loop (i.e., n 1 ¼ n d1 þ n d2 ). Then, the output o1 due to noise n 1 is expressed as
Here, B 1 ¼ 1 ! 3dB and B 2 ¼ 2 ! 3dB . If equal power split in the loops are assumed, then B 1 ¼ B 2 ¼ B and (18) is now re-expressed as
Similarly the output due to VCO phase noise n 2 is found as
Adding them together, phase noise for DSIL at offset angular frequency of ! m is expressed as
where S n1 ð! m Þ and S n2 ð! m Þ are defined as in (16) and (17), and
Simulated Phase Noise of Electrical Oscillator With DSIL
Simulation using (21) for electrical oscillator with DSIL is depicted in Fig. 6(a) . The parameters for the electrical oscillator are kept the same as in the previous simulation. The two delays in the DSIL configuration are 1 km and 8 km. By combining two delays, the phase noise is maintained at the same level of 8 km SIL while the spurious level is reduced by about 25 dB compared to 8 km SIL. Phase noise performances for DSIL electrical oscillator with various length combinations are also simulated, and the simulated results are provided in Fig. 6(b) . The SSB phase noise level of DSIL is determined by the longer delay in the loop and the spurious level is determined by proper selection of length combinations. The simulated SSB phase noise result is superior for a combination of 5 km and 8 km delay elements. 
Simulated Phase Noise of OEO With DSIL
Simulations for DSIL in a standard OEO are provided in Fig. 7 . The combinations of extra delay with a longer delay of 8 km provide superior phase noise than the combination with shorter delay of 5 km. This result is also intuitively expected.
Experimental Results and Modeling Verification
Electrical Cavity Oscillator Realization
The electrical oscillator consists of a band-pass filter (BPF) constructed using a metallic cylindrical resonant cavity with Q ¼ 2500 at 10 GHz and a power amplifier (Amp) from B&Z (BZ3-09801050-602422-102020) with small signal gain of 27 dB and 1 dB compression level of 24 dBm. The metallic cylindrical resonant cavity unloaded Q factor of 2500 was estimated from the injection locking of this electrical oscillator. The oscillation power is coupled to an extremely low phase noise spectrum analyzer (R&S FSUP26) for SSB phase noise measurement (cf. Fig. 8 ). The oscillation frequency is 9.818 GHz and the carrier power level is 16 dBm. The measured phase noise of this oscillator is shown in the black curve of Fig. 9(a) . The phase noise of the electrical oscillator is À58 dBc/Hz at 1 kHz offset and À81 dBc/Hz at 10 kHz offset with a roll off rate of about 30 dB/dec after 10 kHz offset carrier. The flicker corner frequency is estimated to be about 1 MHz and the noise figure is approximately 32 dB. The loaded Q factor is about Q L ¼ 500 based on the measured phase noise. The free running phase noise for this oscillator is poor because of relatively low Q resonator characteristics of this metallic cylindrical resonant cavity.
Phase Noise of the Forced Electrical Cavity Oscillator With SIL
The block diagram for electrical oscillator with SIL is depicted in Fig. 8 . The oscillator is controlled using an opto-electronic delay line by driving a Mach-Zehnder modulator (MZM) from JDSU (MN21024083) with electrical oscillator signal of 16 dBm at 10 GHz. The optical input power of 16 dBm to the MZM is provided by a DFB laser from Mitsubishi (FU-68PDF-510M67B) whose output is amplified by an EDFA from Nuphoton (NP2000). The modulated optical output of the MZM passes through an optical delay and is detected by a photodetector from Discovery Semiconductor (DSC50S), and the received RF signal is amplified by a 24 dB low noise amplifier from Kuhne Electronic (101A & 101B) and fed back to the oscillator for SIL. The measured NF is 58 dB while the calculated NF is 60 dB which matches well with the measured data and these values are used for analytical predictions, as reported in Section 2. The experimental results of the close-in to carrier phase noise of the SIL agree well with the analytical modeling predictions. The impact of various delay lengths on the close-in to carrier phase noise was evaluated and the measured phase noise of the 10 GHz electrical oscillator is shown in Fig. 9(a) . In the experiment setup, the injection strength is kept at 0.0316 for different delays of 1 km to 8 km. The phase noise for 1 km delay improves by 20 dB to À101 dBc/Hz at 10 kHz offset; in the case of 8 km delay, the phase noise is À94 dBc/Hz at 1 kHz offset and À118 dBc/Hz at 10 kHz offset, corresponding to an improvement of 37 dB with respect to the free running case. The diamonds in Fig. 9(a) are the actual spurious levels for the first dominant spurious side-mode associated with the different delays. Note that the diamonds are measured in unit of dBc using super-heterodyning function of R&S FSUP26 while the solid curve are measured in unit of dBc/Hz using PLL function of R&S FSUP26. As the delay becomes longer, the spurious side-mode moves closer to the carrier frequency and the level becomes higher. For 8 km delay, the spurious signals are located at offset frequencies of every 25 kHz, and the level is À42 dBc for the first side-mode. This spurious level is undesirable for a signal generator and is to be reduced. The effect of different injection strengths is shown in Fig. 9(b) . In this case, the delay is fixed at 8 km. Three different levels of injection strength with increment of 10 dB are considered. The strongest injection strength is À30 dB compared to carrier power, and we can see that the phase noise under the strongest injection is 20 dB lower than the case of weakest injection of À50 dB. However, the spurious signal level for weakest injection is 10 dB lower than the case of strongest injection.
Phase Noise of the Forced Electrical Cavity Oscillator With DSIL
The block diagram for the electrical cavity oscillator with DSIL is depicted in Fig. 10 . For DSIL, the output of the MZM is split into two paths with different delays using 50% optical coupler from Newport (F-CPL-S12155). The optical signals are detected by two identical optical receivers from Discovery Semiconductor (DSC50S); the received signals of two different delays are then combined and fed back to the oscillator as dual loop SIL after amplification by low noise amplifier of 24 dB gain from Khune Electronic (101A & 101B). The estimated fiber optic noise figure is 60 dB and corresponds to noise power level of À114 dBm.
Experiment result for electrical oscillator with DSIL is reported for the first time (cf. Fig. 11 ). Three different optical delay line combinations are used, the phase noise for B3 km þ 8 km[ case and B5 km þ 8 km[ case are practically the same while B1 km þ 8 km[ case suffers a 5 dB degradation at 1 kHz offset. One interesting phenomenon for DSIL is that the location and level of the first major spurious mode are all different in three cases. Neither do they appear at 25 kHz (mode spacing related to 8 km) nor do they appear at 200 kHz (mode spacing related to 1 km). In fact, they appear at 175 kHz, 126 kHz and 75 kHz offsets, respectively. The spurious suppression is significant in DSIL as we can see all the spurious signal moves away from the carrier and the levels are dropped to below À60 dBc which is more than 20 dB lower than SIL. Moreover, the spurious signals associated with 8 km delay that would have appeared at offset frequencies about 25 kHz, 50 kHz and 75 kHz with high power level are being filtered-out and somewhat suppressed by the shorter loops. The dominant side-modes of 25 kHz, 50 kHz and 75 kHz now appear as humps with a reduced side mode level as seen in the measurement results of Fig. 11 . Therefor a more dominant side mode is observed at 126 kHz. Nonetheless, the mechanism for mode selection in DSIL needs to be further explored analytically for optimum delay length selection in each fiber optic delay lines of dual loop SIL systems.
Standard OEO Realization
The block diagram for standard OEO configuration is depicted in the dashed black box of Fig. 12 , where the metallic resonant cavity is employed as a narrowband band-pass filter. Two low noise amplifiers (LNA) and two power amplifiers (Amp) are used to compensate for the RF signal loss in the MZM link. The power amplifiers employed here have very high 1 dB compression points to achieve higher oscillator output power while in the current form of the OEO a 1 dB compression is experienced in MZM at a lower power level than the power amplifiers. Hence, the saturation is due to the MZM but not the amplifiers. The fiber optic delay line of 1 km long is selected for the OEO and the RF filtering is performed using the metallic cylindrical resonant cavity with unloaded Q of 2500. The measured oscillation is at 10 GHz and output power of this standard OEO is 16 dBm. Phase noise performance for this standard OEO is shown in the black curve in Fig. 13 . The measured phase noise is À83 dBc/Hz and À109 dBc/Hz at 1 kHz and 10 kHz offset, respectively. The black diamond shows the actual location of the first spurious signal at 197 kHz offset and the level is À40 dBc. The measured performance is significantly better than the electrical feedback oscillator presented in Section 3.1 and somewhat resembles the performance of electrical oscillator with SIL using a 1 km long fiber delay line in Section 3.2 (cf. Fig. 9 ).
Phase Noise of the Forced OEO With SIL
The block diagram of SIL OEO is depicted in Fig. 12 . The output of the MZM is split into two parts; one passes through a 1 km delay and another passes through a longer delay and a 10 dB optical attenuator. The RF gain is sufficient to compensate for the loss in the 1 km loop, but not the second delay; hence optoelectronic oscillation will take place in the 1 km loop and not at the longer delay. Because of the optical attenuator, the longer delay will not get enough gain to oscillate thus it forms a SIL to the OEO. Phase noise for SIL OEO is shown in Fig. 13 for various long delays. Delays of 3 km, 5 km and 8 km are selected, and the lowest phase noise is achieved using an 8 km delay as predicted (cf. Fig. 4 ) at levels of À96 dBc/Hz at 1 kHz offset (13 dB lower than standard OEO) and À118 dBc/Hz at 10 kHz offset (9 dB lower than standard OEO). The spurious level of À69 dBc for 8 km delay is also the lowest which is 29 dB lower than standard OEO.
Phase Noise of the Forced OEO With DSIL
The concept of dual loop SIL is employed to reduce the spurious signal levels. Experimental setup for OEO with DSIL is conceptually depicted in Fig. 14 . The OEO portion of the setup is the same as in the SIL case. In the feedback path, the optical signal is further split into two branches using 50% optical coupler from Ascentta (CP-S-15-20-22-XX-S-L-10-FA). The delay lengths in the branches are both selected to be longer than the delay in the standard OEO. The signals from the two branches are combined at the same photodetector using another 50% optical coupler from Ascentta (CP-S-15-20-22-XX-S-L-10-FA). Optical attenuator is omitted since the insertion loss of optical couplers is high enough to prevent optoelectronic oscillation in the feedback path. In order to limit the injection strength, RF signal in the OEO is amplified before combining with the feedback signal.
Phase noise for OEO with DSIL is shown in Fig. 15 as different lengths of delay lines are used in DSIL loops. Various length combinations are selected to experimentally evaluate the phase noise Table 1 . Spurious level of B3.5 km þ 8 km[ combination is significantly lower than those of other combinations as the performance is also better in terms of close-in to carrier phase noise.
In order to better understand the behavior of DSIL OEO, the side-mode spacing for different delays are tabulated in Table 2 . We can see that 1 km, 3 km, 5 km and 8 km long fiber all have common modes at 200 kHz while 3.5 km and 5.5 km long fiber do not have modes at 200 kHz, hence the spurious level for these 2 cases are lower than other cases, especially for 3.5 km fiber. The phase noise of 5.5 km fiber is poor; possible reason is that the modes of 5.5 km fiber are too close to those of 8 km fiber.
Conclusion and Discussion
This paper provided analytical modeling and experimental measurements of SSB phase noise of forced electrical cavity oscillator and OEO using SIL and DSIL techniques. These results provide insights into understanding of forced oscillation behavior in general and are very attractive in performance for optically realized stable clock signals. These stable clocks will play an important role in many coherent communication and target tracking radar systems. Comparison of SSB closein to carrier phase noise for different electrical cavity oscillator configurations is rendered in Table 3 . The simulated results agree well with the actual measurement results. Moreover, it is clear from Table 3 that SIL and DSIL are effective for phase noise reduction in electrical oscillator. Comparison for the spurious levels is provided in Table 4 . The DSIL provided a 22 dB reduction in terms of the spurious levels, while it has pushed to the 3rd harmonic at 75 kHz. On the other hand, comparison of phase noise performance for OEO with different circuit configurations is rendered in Table 5 . For the case of DSIL case, the simulated results do not agree well with the measured results. Possible reason is that the modes in the two feedback branches interact with each other hence the noise floor becomes much higher. Comparison for spurs of different OEO configuration is given in Table 6 . The higher spurious level in the DSIL case is understandable since DSIL has much higher noise floor. The mode competition between the sidemodes of 8 km and 5 km delays degrades the spectrum purity of forced oscillation for OEO. If so, approaches that mode-lock these spurious frequencies have to be explored, which will reduce the mode-partition noise contributions [25] .
To further improve the overall performance of SIL and DSIL for electrical cavity oscillator or OEO with long fiber optic delay lines, it is important to reduce the overall amplitude noise of the fiber optic delay lines. From the measured data, the noise floor of the optoelectronic system is around À114 dBm/Hz, corresponding to a NF of about 60 dB, which is typical for an external modulated optical link with the commonly experienced optical power of 10 dBm, V ¼ 6 V of Mach-Zehnder modulator (MZM), and RIN of À140 dB/Hz. However, the NF could be reduced by increasing the optical power, using a lower V MZM, and limiting the optical source laser RIN [26] . Fig. 16 shows the phase noise of SIL OEO with different NF values, where the best performance is observed at a minimum reported noise figure of 4 dB [28] . It is clear from the figure that phase noise is reduced because of a lower noise floor in the system. On the other hand, the RF link loss of the fiber optic link is about 47 dB and to compensate for the excessive loss, more than one stages of amplification are required to maintain operation at appropriate power level. Even though low noise amplifiers are used in the amplification chain, an increase in the overall NF of the system is experienced. A proper selection of amplifiers will definitely reduce AM-PM conversion of the OEO. Moreover, the need for electronic amplifiers can be minimized by incorporating a higher optical power source, where a better phase noise is expected [27] . Another mechanism for further phase noise improvement is phase locking. The phase of the modes associated with the long delay is not locked through injection locking and their frequencies are locked to one another. The mode partition noise becomes a major noise contributor in the coupled mode systems, hence, raising the noise floor and degrading the phase noise performance. By implementing self-phase locked loop (SPLL) combined with SIL, better phase noise performance is expected [17] , [19] , [29] - [33] .
